Our goal of this paper is to develop a new upscaling method for multicontinua flow problems in fractured porous media. We consider a system of equations that describes flow phenomena with multiple flow variables defined on both matrix and fractures. To construct our upscaled model, we will apply the nonlocal multicontinua (NLMC) upscaling technique. The upscaled coefficients are obtained by using some multiscale basis functions, which are solutions of local problems defined on oversampled regions. For each continuum within a target coarse element, we will solve a local problem defined on an oversampling region obtained by extending the target element by few coarse grid layers, with a set of constraints which enforce the local solution to have mean value one on the chosen continuum and zero mean otherwise.
heterogeneities in such unconventional reservoirs can be described by multicontinua models with additional lower dimensional discrete fracture for simulation of the flow in hydraulic fractures [8, 19] . Another example is the fractured vuggy reservoirs, where multicontinuum models are used for characterization of the complex interaction between vugges, fractures and porous matrix [33, 34, 36] .
Simulation of the flow problems in the fractured porous media is challenging due to multiple scales and high contrast of the properties. The fracture network requires a special approach in the construction of a mathematical model and computational algorithms. Due to the high permeability of the fractures, they have a significant effect on the flow processes. Moreover, fractures are different by the nature of their occurrence (naturally fractured media, faults, hydraulic fracturing technology).
Complex processes in the fractured porous media require some type of the model reduction [15, 12, 11, 22, 16] . Typical approaches use an effective media property by the solution of the local problems in each coarse cell or representative volume [25, 26] . Such approaches are not efficient for the case when each coarse grid blocks contains multiple important modes [10, 35, 32, 5] . For such problems the multicontinuum models are usually used. Specifically, in naturally fractured porous media, the fracture network is highly connected and the double porosity (dual continuum) approaches are employed. Such models are built for an ideal case and have a number of limitations. The interaction of the continuum in such models is determined by specifying the transfer functions between the matrix and the fractures. The definition of these transfer functions is a key issue for multicontinuum approach, since the construction of the exchange term is based on additional assumptions. In the case of the large fractures, the fracture networks should be considered explicitly using Discrete Fracture Model (DFM) or Embedded Fracture Model (EFM) [24, 27, 17, 18] . Accurate and explicit consideration of the fracture flow and complex interaction with porous matrix leads to the large system of equations and is computationally expensive. Several multiscale methods for such problems are presented, for example, MsFEM [14, 27, 6, 28] or GMsFEM [4, 8, 2, 19, 7] . Recently, the authors in [9] proposed a new nonlocal multicontinua method (NLMC) for construction of the upscaled coarse grid model. In NLMC, one constructs multiscale basis functions which can capture complex matrix-fracture interaction by computing of the multiscale basis functions in a local oversampling domain. The construction of the multiscale space starts with the definition of the constraints that provide physical meanings for the coarse grid solution. Based on the constraints, one can obtain the required multiscale spaces by solving a constraint energy minimization problem in local domains. Moreover, since the local solutions are computed in an oversampled domain, the mass transfers between fractures and matrix become non-local, and the resulting upscaled model contains more effective properties of the flow problem. Recently, we extend this method for different applied problems [9, 9, 30, 29, 31] .
In this work, we consider the triple-continua model, where the background medium is considered to be dual continua with additional lower-dimensional fracture, and there are corresponding mass transfer between background medium and large fractures. The mathematical model is described by a coupled mixed dimensional problem for simulation of the flow process in the fractured porous media with dual continuum background. In order to reduce the size of the system and efficiently obtain solution of the presented problem, we propose a coarse grid approximation using nonlocal multicontinuum method and construct coupled multiscale basis functions. The implementation is based on the open-source library FEniCS, where we use geometry objects and interface to the linear solvers [20, 21] . This paper is organized as follows. In Section 2, we present problem formulation, where we consider a multicontinuum model with discrete fractures and concentrate on the triple continuum model. In Section 3, we consider fine grid approximation using finite volume method for the coupled system. Next, we construct upscaled model using NLMC method for coupled system of equation in Section 4. Finally, in Section 5, we construct an efficient numerical implementation and perform numerical investigation on two coarse grids and different number of the oversampling layers in local domain construction. We note that, using property of the constructed multiscale basis functions, we obtain a meaningful coarse grid upscaled model. We present results of the numerical simulations for two-dimensional model problem with dual continuum background medium and discrete fractures.
Problem formulation
Let Ω 1 and Ω 2 be the computational domains for first and second continua (Fig. 1 ). For flow in large scale fractures, we consider a lower dimensional domain γ = ∪ l γ l [23, 13] . The mass conservation and Darcy laws for the flow problem in Ω 1 ∪ Ω 2 ∪ γ indicates
where q α , p α , f α are the flux, pressure and source term for the α continuum with α = 1, 2, f , where subindices 1, 2 are related for first and second continuums, and subindex f is related to the lower-dimensional fracture model. Here k α = κ α /µ, µ is the fluid viscosity, κ α and c α are the permeability and compressibility of the α continuum (α = 1, 2, f ). System of equations (1) are coupled by the mass exchange terms between continua σ αβ (σ αβ = σ βα ), where α, β = 1, 2 and β = α.
Substituting the Darcy's equatio into the mass conservation equation, we obtain following system of equations for p 1 , p 2 and p f
We consider system of equations (2) with the homogeneous Neumann boundary conditions and some given initial conditions, Note that, we can write the flow problem using a general multicontinuum model
or we can write
where α, β = 1, 2, ..., N and N is the number of continua.
Approximation on the fine grid
Let T h denote a triangulation of the domain Ω = Ω 1 = Ω 2 and ∪ j γ j represent fractures, where j = 1, N f rac and N f rac is the number of discrete fractures.
For approximation, we used finite volume method with discrete or embedded fracture models on the fine
where is the number of cell related to fracture mesh E γ , σ il = σ if E γ ∩ ∂ς i = ι l and zero else. We use implicit scheme for time discretization and (p 1 ,p 2 ,p f ) is the solution from previous time step and τ is the given time step.
We can write similar approximation for multicontinuum model
where α = 1, 2...
In the matrix form, we have following system for p = (
where
and
4 Non-local multi-continua upscaling on the coarse grid Next, we construct an accurate approximation of the coupled system of equations using the NLMC approach.
To construct multiscale basis functions, one can solve local problems in local domain satisfying the flow equations and subject to some constraints. We note the meaning of the constraints is that the local solution has zero mean in other continua except the one for which it is formulated for. The resulting multiscale basis functions have spatial decay property in local domains and can separate continua. The resulting basis functions will be used in the construction of the upscaled model. Let K + i be an oversampled region for the coarse cell K i (see Figure 2) obtained by enlarging K i by several coarse cell layers. We will construct a set of basis functions, whose supports are K We note that the above is a set of constraints so that the resulting function has mean value one on the coarse cell K i for current continuum, and has mean value zero on all other coarse cells within K + i and on all coarse cells for another continua.
Below, we will write the above formulation in a more concrete setting. In particular, we have
with zero Dirichlet boundary conditions on ∂K + i for ψ α , α = 1, 2, f . We remark that (ψ 1 , ψ 2 , ψ f ) denotes each of the basis functions that satisfy the above constraints. Note that we used Lagrange multipliers µ α to impose the constraints in the multiscale basis construction, and that the matrices B α are the mean value operators.
To construct multiscale basis function with respect to each continuum, we set F α = δ i,j and F f = 0 for α = 1, 2. For multiscale basis function with respect to the l-th fracture network, we set F 1 = F 2 = 0 and Figure 4 , we depict a multiscale basis functions for each continuum in oversampled region
(two oversampling coarse cell layers) in a 20 × 20 coarse mesh. Combining these multiscale basis functions, we obtain the following multiscale space
and the projection matrix Therefore, the resulting upscaled coarse grid model reads
We remark thatp 1 ,p 2 andp f are the average cell solution on coarse grid element for background matrices and for fracture media. That is, each component ofp m corresponds to the mean value of the solution on each coarse cell. Moreover, each component ofp f corresponds to the mean value of the solution on each fracture network with a coarse cell.
As an approximation, we can use diagonal mass matrix directly calculated on the coarse grid
, f ) and for the right-hand side vectorF α = {f α |K i |} (α = 1, 2),F f = {f f |γ i |}. We remark that the matrix A is non-local and provide good approximation due to the coupled multiscale basis construction.
Numerical results
We consider a two-dimensional model problem with dual continuum background medium and discrete fractures. We present a numerical result for the proposed multiscale method in computational domain
We construct an efficient numerical implementation and perform numerical investigation For fracture fine grid, we have 1042 cells. Therefore, the fine grid system has 29842 degrees of freedom, The other model parameters used are as follows:
• Test 1. Homogeneous matrix continuum properties with k 1 = 0.5 · 10 −6 , k 2 = 10 −5 and k f = 1.
• Test 2. Heterogeneous matrix continuum properties (see Figure 7) . and c 1 = 10 −5 , c 2 = 10 −5 , c f = 10 −6 . For mass transfer term, we set
We set a point source on the fractures' continuum (f ) at the two coarse cells To compare the results, we use the relative L 2 errors between fine grid in upscaled coarse grid models.
We calculate errors on coarse grid (e C ) and on fine grid (e F )
wherep is the upscaled coarse grid solution,p F = R Tp is the downscaled of fine grid solution forp, p is the reference fine grid solution, p C is the coarse grid cell average for reference fine grid solution p and
We calculate errors for background first and second continuums. In Tables 1 and 2 , we present relative errors for two coarse grids and for different numbers of oversampling layers K s with s = 1, 2, 3 and 4 for Test 1 with homogeneous matrix properties. The relative errors for Test 2 with heterogeneous properties, we present on Table 3 we obtain less then one percent of errors for both continuum for the upscaled coarse grid solution and for reconstructed fine grid solution. 
